We consider a family of tight contact forms on the three-dimensional torus and we compute the relative Contact Homology by using the variational theory of critical points at infinity. We will also show local stability.
one of the α n ; moreover for n = m, the contact structures σ n and σ m are not contactomorphic. Our main result is the following: Theorem 1.1. Let g be an homotopy class of the two-dimensional torus T 2 , then for every n ∈ N, we have
We will prove that the homology is locally stable, namely we will consider small perturbations of the forms in the family {α n } and we will show the our computations still hold.
We will also show some additional algebraic relations between the contact homologies of the family {α n }: in particular we will exhibit an equivariant homology reduction under the action of Z k , that is for every integer k, we will prove the existence of a morphism f * : H * (α kn , g) −→ H * (α n , g) that corresponds to an equivariant homology reduction under the action of the group Z k , namely H * (α n , g) = H
Z k * (α kn , g) Finally, in the last section, we will consider the case of a more general 2-torus bundles over S 1 T 2 × R/(x, y, z) = (A(x, y), z + 2π)
where A is a given matrix in SL 2 (Z). We will consider the families of contact forms introduced by Giroux [11] of the following form α h = cos(h(z))dx + sin(h(z))dy with h a strictly increasing function. We will prove that for the related contact structures Theorem 1.1 still holds.
Other results on Homology computations are in the works of F.Bourgeois [9] and F.Bourgeois-V.Colin [10] , where the authors compute the homology using the cylindrical contact homology which coincides with our result if we disregard the degeneracy. Also in his thesis dissertation E.Lebow [14] computed the embedded contact homology for 2-torus bundles which appears to be very different from the result that we find here.
General setting of the problem
Here we briefly introduce the general framework developed by A.Bahri. Let (M, α) be a three-dimensional, compact and orientable manifold without boundary. In order to apply the theory we will need to assume that there exists a suitable non singular vector field in ker(α) that will allow us to complete a sort of Legendre duality, namely we assume that:
(i) ∃ v ∈ T M, a non-vanishing vector field, such that v ∈ ker(α);
(ii) the non-singular dual differential form β(·) := dα(v, ·) is a contact form on M with the same orientation than α.
We will show that hypotheses (i) and (ii) hold in our framework. We explicitly note that for general contact structures it is not known if the previous assumptions are fulfilled: for instance in [15] the existence of such a v satisfying (i), (ii) is established for the first contact form of the family of overtwisted contact form on the three-dimensional sphere S 3 defined by Gonzalo-Varela in [12] ; in particular in [15] the (explicit) existence of such a v satisfying (i) is proven for all the overtwisted forms defined by Gonzalo-Varela on S 3 , but with this v hypothesis (ii) holds only for the first contact form of this family: another v might work for the other forms.
Next we define the action functional
on the subspace of the H 1 -loops on M :
Now if ξ ∈ T M denotes the Reeb vector field of α, i.e. Theorem 2.1. J is a C 2 functional on C β whose critical points are of finite Morse index and are periodic orbits of ξ. Now, for the sake of computations, we rescale v such that α ∧ dα = β ∧ dβ then in particular we have:
Moreover we introduce the functions τ andμ defined by:
so that the Reeb vector field of β is
We note that a general tangent vector z to M reads as z = λξ + µv + ηw for some functions λ, µ, η. Also, a curve x belongs to C β iḟ
for some function b and with a being a positive constant. Therefore, if z is tangent to C β at x, it holds:
The second derivative of J at a critical point x (b = 0) reads as:
We will also need the transport maps ψ s and φ s of ξ and v respectively, namely the one parameter group of diffeomorphism generated by the flows
and
The major difficulties that show up in the variational analysis of this functional are the lack of compactness (that is the Palais-Smale condition does not hold) and the loss of the Fredholm condition. In fact the linearized operator is not Fredholm in general and this is a serious issue in the the Morse theoretical methods since one cannot apply the implicit function theorem anymore and therefore the Morse lemma does not hold. We know that the Fredholm assumption is violated for the standard contact structure α 0 on S 3 and the first exotic structure of Gonzalo and Varela [12] . There is a simple criteria to check if violation occurs or not based on some properties of the transport map φ of the special legendrian vector field v. First, by looking at the functional J in the larger space C + β = {x ∈ L β |α(ẋ) ≥ 0}, we notice that it remains insensitive to the introduction of a "back and forth" v piece. If we consider a modified functional in the following waỹ
then, as it is shown in [6] , it is Fredholm since one has a control on b in this case. Now, let us take a curve that is transverse to v, and at a point x(t 0 ) we introduce an a back and forth v piece of length s and let us call x the curve obtained by introducing a small "opening" piece of length between the two v pieces. Then we have
Thus if there exists s > 0 such that α(φ −s (ξ)) > 1, then we would have a decreasing direction from the level J(x) and we would be able to bypass a critical point without changing the topology even though it has a finite Morse index, and this is due to the loss of the Fredholm condition. Now we can state the following: Lemma 2.2 (Bahri [7] ). If φ * −s (α)(ξ) < 1, for every s = 0, then J satisfies the Fredholm condition.
We will show that in our framework Fredholm does not hold. In fact, we will see that we will have situations for which there will exist s = 0, such that φ * −s (α)(ξ) = 1. In order to prove Theorem (1.1), we will first compute explicitly all the quantities defined in this variational framework for our family of contact forms {α n }.
Later, since for our model we will show that the second derivative of J will have a direction of degeneracy corresponding to the action of [ξ, v] , the critical points will come in circles. This degeneracy will be removed by a small perturbation of the functional in a neighborhood of the critical points in order to "break the symmetry". Then, in order to compute explicitly the homology in our framework, we need to worry about the non-compactness due to the presence of asymptotes. To deal with that we will show that the the critical points at infinity have always higher energy so that they cannot interact with our critical points, that is cancelations cannot occur. Hence the problem will come down in counting the number of periodic orbits. The idea is the same as in the theory of critical points at infinity, namely after compactifying the space, by adding the asymptotes, the classical Morse theory tells us that indeed ∂ 2 = 0, but in this situation the boundary operator ∂ has two components ∂ = ∂ per + ∂ ∞ . The operator ∂ per counts the number of pseudo-gradient flow lines between periodic orbits (actual critical points) and ∂ ∞ counts the flow lines between critical points at infinity and periodic orbits. Therefore to show that we have compactness in our homology theory, we need that ∂ 2 per = 0. Now if we compute
Hence if we show that ∂ per ∂ ∞ + ∂ ∞ ∂ per = 0 when applied to periodic orbits, then compactness holds. Finally, since the Fredholm condition is violated, we will show however that the homology is locally stable along isotopies.
In the last two sections we will first show also some additional algebraic relations between the contact homologies of the family {α n } and then we will consider the case of a more general 2-torus bundles over S 1 .
3 Proof of Theorem (1.1)
Here we compute explicitly all the quantities defined in the previous section for our family of contact forms {α n }. The Reeb vector field ξ n is given by:
Now if we set:
then we have v n ∈ ker(α n ) and
therefore, with this choice of the vector field v n , we obtain that hypotheses (i) and (ii) are fulfilled; moreover
and so τ n identically vanishes. Also, since
is the Reeb vector field for β n , thenμ must be zero. Therefore, by using (4), the second derivative of J at a critical point x reduces to:
Notice that since τ = 0 we have a direction of degeneracy corresponding to η constant. So the critical points will come in circles generated by the action of [ξ, v] . The next Lemma shows how to perturb the functional near the critical sets, in order to "break the symmetry" and avoid degeneracy. First let us compute explicitly also the transport maps (5) and (6):
Lemma 3.1. There exists a perturbed functional J ε , for small ε > 0, in a neighborhood of the critical sets of J, such that J ε is equal to J outside this neighborhood, and it has exactly 2 critical points inside it: a minimum and a maximum.
Proof. From the equation (8) we see that we have periodicity for the orbits of ξ if there exists z such that tan(nz) is rational. With the same z also the orbits of [ξ, v] are closed and since [ξ, v] is transported along ξ we have that the set of critical points has two different S 1 -actions: the first is the natural one due to the translation on time along the curve itself, and the second one due to the action of [ξ, v] that gives rise to the degeneracy. Now we want to describe the tangent space of C β at a critical point. We know that if
is tangent to C β , we need only the function η to describe completely the tangent space; in particular at a critical point x = aξ, it holdsη = aµ.
In addition, the set of critical points is a submanifold of C β , endowed with the S 1 -action given by [ξ, v] : if Z is tangent to this submanifold, we have µ = 0 and therefore η is constant. Moreover, the normal space to the submanifold is given by the functions η ∈ H 1 that are orthogonal to the constants, namely the normal space to the submanifold is generated by the vector fields Z (tangent to C β ) having
Since the second derivative of J at a critical point x reads as J (x)·Z ·Z = 1 0η
2 , we see that for a non vanishing normal variation, we have J (x) · Z · Z > 0 and this shows indeed that the critical sets are isolated. Hence we can split the tangent space to C β at a critical point x in the following way:
Now we want to construct a tubular neighborhood around the orbit of [ξ, v] : so by means of the exponential map (C β is an Hilbert manifold) we will consider the neighborhood around the critical set given by
Therefore our functional reads in this neighborhood asJ(θ, η), and we note that by construction ∂J ∂θ ≡ 0. Now we will perturb it in the following waỹ
where f is a smooth function on S 1 having exactly 2 critical points, and w(r) is a cut-off function that vanishes outside |r| ≥ δ and it is equal to 1 for |δ| ≤ δ/2. Now by choosing suitable small constants ε, δ and the bump function w, we get that the functionalJ ε is equal to the old functional outside this neighborhood, and it has exactly 2 critical points inside it: a minimum and a maximum. Now we recall that in this setting A.Bahri introduced different pseudo-gradient flows. For instance in [6] , [7] it is was shown that the natural L 2 -pseudo-gradient for J on C β is not the right flow to consider since at the blow-up time there is the presence of an absolutely continuous part adding up to the Diracs therefore another flow was constructed that does the right decreasing. We will consider the second flow defined in [2] . It is shown for this flow the existence of critical points at infinity made by alternating v-and ξ-pieces. We define the set
that is the set of curves in C β made by k v n -pieces and k ξ n -pieces. Then we consider the set of variation at infinity, namely
and on this set we define the functional at infinity
In other words conjugate points are points on the same v-orbit such that the form α is transported onto itself by the transport map along v. 
It holds (see [2]):
Proposition 3.4. A curve in k≥0 Γ 2k is a critical point at infinity if it satisfies one of the following assertions:
(1) the v-jumps are between conjugate points. These critical points are denoted in the sequel "true" critical points at infinity;
(2) the ξ-pieces have characteristic length, and in addition the v-jumps send ker(α) to itself.
In our case we see from the transport equation (8) along ξ n , that we cannot have ξ-pieces with characteristic length, thus all the critical points at infinity are "true". Also, we see from the transport equation (9) along v n , that each point has n conjugate points corresponding to the translation along z by 2π n . Next we check the validity of the Fredholm condition. We have: Lemma 3.5. The Fredholm assumption is violated.
Proof. By using Lemma (2.2) and by a straightforward computation, if we just compute the transport of ξ n along v n , we get
Since we can have s = 0 such that equality occurs, then Fredholm does not hold.
Next, in order to compute explicitly the Homology it suffices to show that there is no interaction between periodic orbits and critical points at infinity, in the sense that there are no flow lines among them. This is what we prove in the following: Lemma 3.6. There is no interaction between the periodic orbits of ξ n and the critical points at infinity.
Proof. First from the classification result Lemma (3.4), the critical points at infinity for our model are just periodic orbits of ξ n with some additional back and forth v-jumps of length multiple of 2π n . An interesting case happens when n = 1 since each point in the orbit of ξ n can be conjugate only to itself along v n , so we have periodic orbits linked by v-cycles. Now by knowing the trivial splitting of the fundamental group of the torus, that is
we denote by
the natural projection on the third component, namely: if
Next we explicitly note now that if x is a periodic orbit of the Reeb vector field ξ n , then P 3 ([x]) = 0; moreover any v-cycle will add a pure third component, thus it will have projection non zero. In particular if x ∞ is a critical point at infinity, let us suppose with m v-cycles (with orientation) attached to a periodic orbit of ξ, then
where k i is the number of iterations of the k-th v-cycle counted with its orientation. Therefore we deduce that a periodic orbit and a critical point at infinity can interact if and only if P 3 ([x ∞ ]) = 0. Notice that since the strict index of the periodic orbits is zero, and the index of the critical points at infinity is at least 1, then trivially we have that ∂ 2 per = 0. But notice that we have a richer structure here built by the tower of critical points at infinity above each critical point. Now we will prove the main Theorem.
Proof. (of Theorem 1.1) Let g be an homotopy class in T 2 , then g reads as:
g = mx + ly where x and y are the generators of Π 1 (T 2 ). Hence since ξ n = cos(nz)∂ x + sin(nz)∂ y we get that g contains exactly n periodic orbits of ξ n (in fact we have n circles of critical points). By breaking the symmetry each circle can be seen as a min and a max with zero boundary operator between them. Therefore
In the last part of this section we will show that our computations are "locally stable", that is we are interested in small perturbations of the contact forms in the family {α n }. Thus, let us suppose that α is a form in the previous family, and let us consider a perturbed formα := uα, where u ∈ C 2 (M, R) and 1 − u C 2 is small. Hence we will get a new functionalJ whose critical points x will be in a L ∞ neighborhood of the original ones x. We will show that in fact J(x) ≥ J(x). In order to do that we first use a result in [6] : every curve x 0 ∈ C β in a L ∞ neighborhood of a critical point x can be represented by a curve x 1 made only by pieces of ξ-orbit and finitely many ±v-jumps, and in addition this is a minimizing process, i.e. J(x 1 ) ≤ J(x 0 ). In particular in our situation, in order to stay in a given homotopy class, the v-jumps need to be small, moreover since the ξ-pieces have the z component constant, we need the sum of the ±v-jumps to be zero: hence we can think to have finitely many nearly "Dirac masses" placed on the original critical point x. Now we can obtain this broken curve x 1 from a critical point x by pushing along a deformation vector Z having η such that:η
where k is the number of the "Dirac masses", A i > 0 represent the jump in the v direction, and t − i , t + i are the times where the jumps occur. If we compute the second variation along this Z, we get:
. By a direct computation we find
Therefore Z is a strictly increasing direction for J and this proves the local stability.
Finally, we want to show a strict relation between our structures and some spaces of configurations. So, given a periodic orbit, let us consider the setΓ 2k made by the periodic orbit with attached +k v-orbits and −k v-orbits. Studying this space corresponds to understand the configuration space of signed particles on S 1 . This was studied in a paper by D. McDuff [16] in which she gives a full description of the space of configuration of signed particles, denoted by C ± , as follows:
Theorem 3.7 (McDuff [16] ). If M is a manifold without boundary, there is a homotopy equivalence between C ± (M ) and Γ ± the space of compactly supported sections from M to E ± the bundle over M constructed by taking at each point of x ∈ M the set S x × S x /D. Here S x is the unit sphere in the tangent space at x and D the diagonal.
For instance, one sees that the spaceΓ 4 (made by the periodic orbit with two v periodic orbits attached to it with opposite orientations) has the topology of S 2 with two points identified. The identification comes from the fact that if the two v-orbits coincide at the same point, they cancel each other. In particular, in the case n = 1, the spaceΓ 4 coincides with the space Γ 4 with the v-pieces having opposite orientations.
Collapsing point
Indeed because of the extra S 1 -action that we have, the full structure can be seen as in the figure below.
Circle of periodic orbits with the extra structure of critical points at infinity
More Structures
In this section we will give some algebraic relations between the different contact homologies of the family {α n }.
Theorem 4.1. Let p and k be a positive integers, then there exists a morphism
Moreover, this homomorphism corresponds to an equivariant homology reduction under the action of the group Z k , that is
Proof. Let us consider the action of the group Z k on the torus by translating the third component, namely the action generated by f (x, y, z) = (x, y, z + 2π k ). We notice that the contact form is invariant under f , that is
Therefore also the functional J α kp is invariant under this action. We recall that at the chain level the boundary operator ∂ counts the number of orbits of a decreasing pseudo-gradient for J. For two periodic orbits x 1 and x 2 of ξ we define x 1 , x 2 as the number of gradient flow lines from x 1 to x 2 , if the index difference is one. With this notation we have that
where Crit n (J αp , g) is the set of critical points of J αp in the homotopy class g ∈ Π 1 (T 2 ) with Morse index n. We notice that
) so we can define the surjective group homomorphism
induced on the quotient by the group action of Z k on the generators. We claim that this is indeed a chain map. In fact the boundary operator on the quotient chain is defined by
It is easy to see now that ∂ 2 Z k = 0 and f * is indeed a chain map by construction. In fact, we have
by grouping the terms with the same image under f we get that
Now using this fact we have
We consider now the case of more general 2-torus bundles over S 1 . Given a matrix A ∈ SL 2 (Z), we define the space
We recall that the fundamental group of
From the work of Giroux [11] , we know that these spaces contains infinitely many contact structures, given by a fixed contact form α. The construction of such structures starts by taking a strictly increasing function h and considering the contact form α h on R 3 defined by
We state then the result of Giroux as follow:
a) For every n ≥ 0 there exists a contact structure on R 3 given by the 1-form
that is invariant under the action of the fundamental group of Y A and the increasing function h satisfies :
b) The contact structure descends to a contact structure on Y A , depending only on n up to isotopy c) All these contact structures are homotopic as plane fields on Y A .
Remark 5.2. We explicitly note that the family of contact forms we considered in the first part of the paper correspond to the choice of h n (z) = nz, with A = I 2 .
We are going to compute for these contact forms all the quantities needed in order to apply the variational method. First we have that the Reeb vector field of α hn is given by
Then, by straightforward computations we get the following Lemma 5.3. The 1-form β hn = dα hn (v n , ·) is a contact form with the same orientation than α hn on Y A with
Therefore hypotheses (i) and (ii) are fulfilled and
Moreover τ hn andμ hn are zero.
Also
Lemma 5.4. The transport maps ψ s and φ s of ξ hn and v hn respectively are given by:
Now we can check the Fredholm condition. We have:
Lemma 5.5. The Fredholm assumption is violated for all the contact forms α hn .
Proof. By using again Lemma (2.2), if we compute the transport of ξ hn along v hn , we get
Hence Fredholm does not hold.
Moreover by the transport equations for ξ hn and v hn we see that there are no ξ-pieces with characteristic length. Regarding the conjugate points, different scenarios might happen. We will distinguish two cases.
Case 1: the conjugate points are in different fibers.
In fact for two points to be conjugate we need to have
) − h n (z) = 0mod(2π) By using the fact that 2nπ < h n (z + 2π) − h n (z) ≤ 2(n + 1)π there exist n values s, with 0 < s ≤ 2πh n (z), such that h n (z + s h n (z) ) − h n (z) is a multiple of 2π, and this corresponds to conjugate points in different fibers (see fig 1) .
Case 2 : the conjugate points are in the same fiber. This case happens in the particular situation when h n (z + 2π) − h n (z) = 2(n + 1)π and so the conjugate point in the same fiber is achieved when s = 2πh n (z) (see fig 2) . Another important thing to notice is that the orbits of the Reeb vector field are tangent to the fibers, thus if two conjugate points are in a different fibers we need more that one v-piece to be able to close the curve as critical point at infinity.
On the other hand, in the case where the conjugate points are in the same fiber, we can close the orbit by a ξ-piece, but in this situation we are in a different homotopy class (as in the case of T 3 considered in the previous sections). Hence in order to be able to close the curve staying in the homotopy class containing the periodic orbits, we need to have at least one v-piece in the opposite direction. Then with the same reasoning as in the case of the torus T 3 , we have that the index of the critical points at infinity is strictly greater than zero in a given homotopy class. In order to compute the homology, we need just to find the index of the periodic orbits, but since τ is zero, we can proceed as in the previous case of the torus T 3 : therefore there is no interaction between the periodic orbits and the critical points at infinity. Now let us fix an homotopy class g ∈ Π 1 (T 2 ), with g = (a, b) ∈ Z⊕Z. Since the periodic orbits are all tangent to the fibers then the periodicity condition is equivalent to tan(h n (z)) = a b and this corresponds to n periodic orbits. Finally we have proved the following Theorem 5.6. For any given contact structure of the form α hn on Y A , if g ∈ Π 1 (T 2 ), we have:
